Written Comprehensive Examination-Theory

Department of Statistics, UC Irvine
Friday, June 19, 2015, 9:00 am to 1:00 pm

There are 7 questions on the examination. Select any 5 of them to solve. If you
attempt to solve more than 5 questions, you are only to turn in the 5 you want
graded. If you turn in partial solutions to more than 5 questions, only 5 will be
graded.

Each of the 5 problems you attempt to solve will be worth equal credit, with each
accounting for 20% of your final score on this examination.

Your solutions to each problem should be written on separate sheets of paper. Label
each sheet with your student identification number, the problem number, and the
page number of that solution written in the upper right hand corner. For example,
the labeling on a page may be:

ID# 912346378
Problem 2, page 3

You have 4 hours to complete your solution. Please be prepared to turn in your
exam at 1:00pm.




Problem 1 (a) Let X ~ Beta(a, az) where a; > 0. Using bivariate transformations, show that
if G; ~ Gamma(a, 1) and G, ~ Gamma(ag, 1) independently, then G1/(G1 +
G) has the same distribution as X.

(b) In the setting of part (a), suppose a1, as — oo with a;/a, fixed at r > 0. Show
that X/(1 — X) tends to r in probability.

(c) In the setting of part (b), derive the asymptotic distribution of X/(1 — X),
suitably standardized.

(d) Suppose (Y1,Y2,Y3) ~ Dirichlet(as, as, as) where a; > 0. Derive the conditional
distribution of (Y7, Y2)|Ys. Identify it.

() In the setting of part (d), compute E(Y;|Y3) and Cov(Y7,Y2|Y3). You may use
known results from the table of distributions.




Problem 2 (a) Let M ~ Poisson()\) and X|M ~ Binomial(M,p) where A > 0 and p € (0,1)
are fixed constants. Derive the conditional probability mass function of M
given X. Identify this distribution by relating it to a well-known discrete
distribution.

(b) In the setting of part(a), compute E(M|X) and E(M?|X).
(c) Suppose N(t) is a Poisson process with rate A > 0. Let 7} be the time of the
first arrival. Derive the distribution of 73.

(d) In the setting of part (c), derive the conditional density of T1|(N (to) = 1) where
to > 0 is a fixed constant. Hint: compute Pr(Ty > t|N(t;) = 1) and then find
the conditional density.

(e) In the setting of part (c), compute E(T1|(N(tp) = 1)) and Var(T1|(N(to) = 1)).




Problem 3 Let p; ~ N(u, 72) and Yj|u; ~ N(u, 02) for i = 1,...,n independently. Assume ¥;’s
are observed, y;’s are latent variables, and o2 is known. The goal is to estimate the
parameters 1, 72 based on the sample Yi,...,Y,.

(a) Find the marginal distribution of Y; by integrating out j; from the joint density
(b) Find the method of moments estimator of (u, 72).
(¢) Derive the maximum likelihood estimator of (p, 7%).
(d) Consider a Bayesian approach to this problem. Suppose we adopt the improper
prior p(u, 72) o 1. (Note that this prior is flat on 72, not log 72.)
i) Derive the conditional posterior p(u|72, Vi, i = 1,...,n). Identify it.
K ) y
(ii) Derive the marginal posterior p(7%|Y;, ¢ = 1,...,n). This is not a known
density. Simplify to the extend you can.



- Theory Exam. Problem 4. Let X1, ..., X, be iid Poisson(\), A > 0.

1. Find a UMVUE for ). Is it unique? Does it attain the CRLB of the variance of
unbiased estimators? Justify.

9. Derive the MLE for A, denoted by A.

3. Without using the delta method, derive an approximate 95% confidence interval for
h()\) = exp(—A\) based on the asympotic distribution of A.

4. Derive the UMVUE for h(\) = exp(—2X).
5. On Bayesian inference.

(a) Suppose that A has a Gamma prior with pdf given by
_ “ a—1 .
7T()‘) - P(Oé) A eXp( /6)‘)'[(0:00) (/\)

where oo = 2 and 8 = 1. Note that the prior mean is EA = 3. Derive the Bayesian
estimator for .

(b) A random sample of size n = 20 was taken. Suppose that the data X = x gives
the summary Y .o, @; = 42. What is the posterior probability that A € (2,3)?

6. On Hypothesis Testing.
(a) Derive likelihood ratio test of size oo = 0.05 for
Hy: A=2 vs. H: A=3.

State the test statistic, the sampling distribution of the test statistic under Hy
and the rejection/acceptance regions.

(b) Use the large sample theory to derive an approximate LRT for
Hy: A<4 vs. Hi:\>4.

State the test statistic, the sampling distribution of the test statistic under Hy
and the rejection/acceptance regions.



Theory Exam. Problem 5. Let Xi,..., X, be a random sample from a uniform distri-
bution on [#,1] where 6 € © = (—00,1).

1.

Find the MOME of 6, denoted 0,,. Derive an asymptotic 05% confidence interval for
0.

. Find the MLE for 6, denoted 0,,. Derive an exact 05% confidence interval for ¢ using

a pivotal quantity based on 0.

. Derive the ratio of the mean squared error of 6,, to the mean squared error of O, as a

function of # and n. Does one estimator beat another uniformly over n?

Suppose that you observe {-0.5,0,0.25,0.5}. Give a 05% confidence interval estimate
for P(X € (—0.25,1)).

Suppose that you know that the parameter space is © = {—2,-1,0}. You observe the
following data: {—0.5,0,0.25, 0.5}. What is the maximum likelihood estimate of 0.




THEORY, Problem 6

Consider the following one-way’ analysis of covariance (ANCOVA) model:
Yy =N+C¥i+’)/zij+6¢j,i:1’... Iig=1,---,J

where 61,] (0 2). This model contains a factor with I levels and a continuous explanatory
variable. For convemence, we often rewrite the model in matrix form: Y = X 8+ Zy+e¢, where

Yy = (Yiz, - V2T, Buanyxa = (an, - on)T, eanxa = (e, s ern) s Xanyx
is the design matrix correspondmg to the I levels, and Z(;)x1 is the vector correspondmg to
the continuous explanatory variable.

(a) Is p estimable? Justify your answer.
(b) Is 7 estimable? Justify your answer.
(c) We will use a two-stage method to find the least squares estimate (LSE) of 7. In the first -

stage, we regress Z on X. Show that the residuals are z; — Z;., where Z;. = Z -y 2/ J.

(d) In the second stage, we regress Y on the residuals 7 = (211 — %, 215 — Z1.)7 . Show
that the LSE of the regression coeflicient is

1 Yal(z — 7)Y

Yi Z}']=1(Zij - z.)?
(e) Use what you learned in STAT200C to argue that the LSE in (d) is the LSE of v in the

ANCOVA model.
Hint: Consider the identity Z = X(XTX)"XTZ + (I - X(XTX)"XT)Z




THEORY, Problem 7

Let

Yi = Oi+ea

Yo = O2+e

Y3 = —0h1—02+e€3
where the (i = 1,2,3) % N(0, 52).

(a) Show that the least squares estimates (LSE) are 6; = (2Y; — Y3 — Y3)/3 and 6, =
(2 - Yi - Y3)/3.

(b) The residual sum of squares is defined as RSS = (Y1 —61)2 + (Ya— 02) + (Y3 + 0, + 52)2.
Show that RSS/c? follows a chi-squared distribution. Find the degrees of freedom.

(c) Are the LSE in (a) and the RSS in (b) independent? Justify.

(d) Derive and justify the F-statistic for testing Hy : #; = 62 = 0. Be sure to (1) express
the F-statistic in terms of ¥7,Y> and Y3, and (2) provide the null distribution of the
F-statistic.




Table 1: Common distributions and densities.

Distribution Notation Density

Bernoulli Bern(6) fy|0) =6v(1 — @)+~

Binomial Bin(n, 9) f(ylo) = (Z) ov(1— )~ v
Multinomial Multi(n; 61,6, . ..,0x)  f(yl6) = ;=07 65 - - 0%
Beta Beta(a, b) p(6) = Fat 0o (1 — 6)P 0. (6)
Uniform U(a,b) p(0) = 5(%%(?2

Poisson Pois(6) fyld) = 6ve=?/y!

Exponential Exp(6) F(y|0) = 0e™% I 0,00)(v)

Gamma Gamma(a, b) p(0) = [b*/T(a)]6* eI (o o) (6)

Chi-squared
Weibull

Normal

Student’s ¢

Cauchy

Dirichlet

X*(n)
Weib(a, 0)
N(6,1/7)

t(n,6,0)

Cauchy(0)

Dirichlet(ay, as, as)

Same as Gamma(n/2,1/2)
F(10) = oy~ exp (—0y) I(o,00)(0)
Fl0,7) = (\/7/2m) exp [~r(y — 6)*/2]
Fl6) = [1 + (y — 0)?/no?) ™V

x T[(n+1)/2]/T(n/2)o/nm
same as t(1,0,1)

p(@) = I‘(a1 + Qa9 -+ a3)/F(a1)F(a2)I‘(a3)
X 0710527 (L — Oy — fp)e
x 0,1y (01) 0,1y (62) I 10,1y (1 — 61 — )




Table 2: Means, Modes, and Variances.

Distribution =~ Mean Mode Variance
Bern(0) 6 0if0<.5 6(1—0)
1if6>.5
Bin(n, 0) nb integer closest to nf nf(1l —0)
Beta(a, b) a/(a+0b) (a—1)/(a+b—-2) ab/(a+b)*(a+b+1)
ifa>1,b>1
Ul(a,b) S(a+0b) everything a to b (b—a)?/12
Pois(#) 0 integer closest to 6
Exp(6) 1/6 0 1/62
Gamma(a,b) a/b (a—1)/b a,/b?
ifa>1
x2(n) n n—2 2n
ifn>2
Weib(a,0)  Tlla+1)/al/0 [(a—1/a]Vo/6  Tl(a+2)/a] - 12
N@,1/7) 8 0 1/7
t(n,0,0) 6 6 o’n/(n —2)
ifn>2 ifn>3
Cauchy(0) Undefined 0 Undefined




