Second Year Exam - Part II (Methods)
September 18, 2015, 9am — 1:00pm

This is a closed book and notes examination. You are to answer exactly 4 of the following 5 questions. The
4 questions you choose to answer will be worth equal credit. Please write only on one side of each page.

1. Consider the model y
yil(p, 0%) < N(p,0%), i=1,...,n,
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where y; are observed data and p is the parameter of interest. Suppose o“ is unknown. The usual

conjugate prior for (u,0?) is of the form
plo® ~ N(po,0°/ko), o2 ~ Inv—x*(vy, 03). (1)
In some situations, however, one might prefer the following prior instead:
plo? ~ N(uo,72), 02 ~ Inv—x*(vo,00). (2)

The density of Inv—x2(1p,0?) is given by

2
p(O'Q) o (0.2)7(1/0/24’1) exp _VOUO )
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(a) Give one reason why one might prefer (2) to (1) in a practical problem.

For the rest of this problem let us adopt the prior given by (2).

(b) Write down the joint posterior of y and 2. Express the joint posterior in terms of § = n~! S
and S =Y"" (v; — 9)%

(c) Derive the conditional posterior of 02 given p. Which famous distribution is this?

(d) Derive the conditional posterior of p given o2. Which famous distribution is this?

(e) Derive an expression for the marginal posterior density of o2. (This is not a famous distribution.)

(f) Suppose you are given 10000 samples from the marginal posterior of o2 as specified in (e). Describe
how you may obtain approximate posterior means and 95% intervals for (i) o2, (ii) p, and (iii) p + o.



2. Consider the following distribution on n binary variables s; € {1, —1}:

n—1
p(s) = Z(B) exp (6 Z sisi+1> . 8= (S1,---,5n),
i—1

where £ is a fixed constant and Z(/) is the normalizing constant.

(a)
(b)

Derive full conditional distributions p(s;|s—;) where s_; denotes the vector s with the ith coordi-
nate omitted.

Describe how to generate samples from p(s) using a Gibbs sampler.

Compute analytically the marginal distribution p(s_1), that is p((se, $3,...,$p)). Perform addi-
tional integrations to get the marginals of (s3, S4,..-,8n),. -, (Sn—1,8,) and s,.

Find Z(B) explicitly based on the computations in part (c).

Describe how to generate random samples from p(s) by simulating from the marginal of s,,, then

the conditional of s,,_1 given s,, and then s, _o given (s,_1, sy), etc. (You need to derive these
conditional distributions.)



3. Consider a linear model with random effects

ind
yijlai "~ N(a; + Bo + Bitj, 02),

a; "N, 72, i=1,...,n, j=1,....J,

where y;; denotes observed data (e.g., measurement for subject ¢ at time j), t; is the covariate (e.g.,
time j), a; is the latent variable, and (3o, 81,02, 72) are parameters of interest.

(a) Find the marginal distribution of y; = (y;1,...,v:s) for i = 1,...,n and write down the observed
data likelihood.

(b) Design an EM algorithm for finding the MLE of (g, 31,02, 72). Derive the E-step and M-step in
suitable detail.

(¢) Consider a reparameterized model

indep

vijlvi "~ N(yi + Bity, o),
v TP N(By, 7, i=1,...m, j=1,...,J
where ~; is the latent variable. Explain why this model is a reparameterization of the original
model.
(d) In the setting of part (¢), design an EM algorithm for finding the MLE. Derive the E- and M-steps.

(e) Describe a Newton-Raphson algorithm for finding the MLE of (8y, 81,02, 72). Discuss the advan-
tages and disadvantages of Newton-Raphson compared with the EM algorithms above.



4. Consider the following regression model:

yr = o+ Bt +eg
ex. ~ N(0,0%)
9 ~ N(mo,PO)

where t represents time, 0 = (g), and o2 is known.

(a)

(b)

Suppose we wait until we observe N independent observations, Y = (y1,...,yn), over N time
points, t1,...,tN, before we fit the model. Fine the posterior distribution of 8 given the observed
data.

Now suppose that instead of waiting until we observe Y at time ty, we want to fit the model
recursively (sequentially) after observing each new data point. Write down this procedure so at
time k we can find p(0|y;.x) given the posterior distribution at time k—1. Use the matrix inversion
lemma, (A— BD71C)"' = A"+ A71B(D — CA™1B)"1CA™1, to write the recursive procedure
in a simple form. Hint: Write the model as

YL@ ~ N(Hp0,0%)

with Hy = (1 tk).

Show that using the recursive estimation in part (b), the posterior distribution at time ¢y is the
same as what you obtained using the batch estimation in part (a).

Now suppose that € has a Gaussian random walk prior,

6o ~ N(mo,P)
0k0k—1 ~ N(Or—1,Q)
Yk|Ok ~ N(HgOg,o?)

where Hr = (1 t;). Find p(Og|y1.6—1) and p(Ok|y1.x). Hint: you can find p(Ok|yi.k—1) by
integrating over @y _1.
For practical reasons, we might want to write the above model in terms of At, as opposed to the

absolute time ¢, to make the model time-invariant. Sarkka (2013) suggests to re-write the above
model as follows:

O ~ N(mg, P)
Ok|Ok—1 ~ N(Ap—160r-1,Q)
yk\ek ~ N(Hek,0'2)
where Ap_1 = (1) Ati“l ), H = (1 0),and Atg_1 = tp—tg—1. In this case, find p(Og|y1.k—1)

and p(Og|y1.x).



5. Consider the following probability density function for the random variable Y:

_i 21, 2A—1 92,2
We have
T(A+1/2) , A
EY|=——= EY? = —=
Y] o) Y= 5

(a
(b

) Given ), find a class of conjugate priors for 6.
)

¢) Using the prior in (a), find the posterior distribution of 6 given A\ and observed data y1, ..., yn.
)
)

Find a sufficient statistic for 6.

(

(d

(e) Now suppose A is unknown. Assume an appropriate prior for A and write down the steps for
sampling from the posterior distribution of (), 8) given the observed data.

Find the posterior expectation of 6.



