
Second Year Exam: Statistics 220AB September 2015

Please write solutions on one side of the paper only. Start new solutions on
new pages. There are two parts below, A and B. Do only 2 of the 3 problems
in Part A, and 2 of the 3 problems in part B. DO NOT turn in more than 4
problems or more than 2 in either part. Please remember to JUSTIFY. You
have four hours so use your time wisely eg. don’t let yourself get stuck on
one problem, or worse, one part of a problem, for too long. And do those
parts that you are most comfortable with first. We wish you all well!!!
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PART A: Do only 2 of the following 3 problems.

1. Let xi ∼ Bernoulli(π) and let yi ∼ N(θ xi, xi). Assume that {(xi, yi) :
i = 1, ..., n} are iid. Define

T1 =
n∑
i=1

xiyi , T2 =
n∑
i=1

xi

(a) What is the explicit (i) marginal distribution of T2, (ii) the explicit
conditional distribution of T1 | {x1, ..., xn}, and (iii) the distribu-
tion of T1 | T2 = k?

(b) Give a precise expression for the marginal pdf for T1, namely,
fT1(t) for t ∈ R. Characterize it in words.

(c) Find and justify the asymptotic joint distribution of properly nor-
malized (T1, T2)

′ as n→∞.

(d) (i) Obtain the method of moments estimators of (π, θ) based on
(T1, T2)

′. (ii) Then obtain the asymptotic distribution for the
MOM for θ (properly normalized).

Now assume that only T1 and T2 are observed, and that (T1, T2) =
(t, k) are the actual observed values.

(e) Write down and simplify the likelihood function, L(π, θ), based on
the observed data, (t, k). Hint: Notice that it makes a difference
if k = 0 or k 6= 0 so be sure to handle these cases separately.

(f) Obtain the MLEs for (π, θ). Keep in mind that the k = 0 case
might be slightly tricky, in other words, stop to think along the
way.
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2. Suppose you have continuous parameter space, Θ = R, with a prior,
p(θ) > 0 ∀θ ∈ Θ. Assume that the data y come from a sampling
model with pdf f(y | θ). Assume the arbitrary non-negative loss func-
tion L(θ, a), for θ ∈ Θ and for a ∈ Θ. Let δ(y) be a specific but
generic decision rule.

(a) Assume that the decision rule δ(·) will be used for making infer-
ences. Then carefully define (i) frequentist risk, (ii) Bayes Risk,
and (iii) Bayes posterior risk, all with respect to the given prior,
sampling model, loss function, and decision rule.

(b) Prove that minimizing Bayes risk is equivalent to minimizing Bayes
posterior risk

For the moment, assume L(θ, a) = |θ − a|, absolute error loss.

(c) Prove that the posterior median, say m̃, minimizes the posterior
risk.

Now assume that the parameter space is finite discrete, namely,
consider Θ = {1, 2, ..., k}, and that the prior places positive mass
on all elements, namely, Pr(θ = j) ≡ p(j) > 0 for j = 1, 2, ..., k.
Let the loss function be arbitrary non-negative again.

(d) Prove that Bayes rule is admissible.

(e) Prove that if a Bayes rule is an equalizer rule that it is also mini-
max
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3. Assume a sample of size n from the Uniform(0, 2 θ) distribution. Let
x(k) denote the kth order statistic with x(1) being the smallest and x(n)
being the largest. Let yn =

∑n
i=1 I(xi ≤ c) for some c > 0, and where

I(·) denotes the indicator function.

(a) What is the precise distribution of yn? Justify.

(b) Derive and justify the CDF for x(k), Fx(k)(c), in terms of the CDF
for yn.

(c) Assume n = 2r + 1 so that the sample median is mn ≡ x(r+1).
(i) Give the precise Bahadur representation that can be used for
obtaining the asymptotic distribution of mn. (ii) Use that rep-
resentation to derive the asymptotic distribution of properly nor-
malized mn. Be sure to justify ALL steps.

(d) Derive and justify a large sample CI formula for θ based on the
result in (c).

(e) Obtain the asymptotic relative efficiency of mn to the method of
moments estimator for estimating θ.

(f) Use the result in (b) to derive of the asymptotic distribution
for properly normalized mn, without using the Bahadur repre-
sentation. Hint: You may use the fact that F (θ + c/

√
n) =

0.5 + c
2
√
nθ

+ o(1/
√
n), where F (·) is the cdf for a Uniform(0, 2 θ)

random variable, and (r + 1)/n = 0.5
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PART B: Do only 2 of the following 3 problems.

4. Let all random variables below be well defined on an appropriate prob-
ability space (S,A, P ). Let (R,B) be the Borel space with R the real
line and B the Borel sets onR and let µ be a measure defined on (R,B).
Then use “appropriate” course results as needed to justify below.

(a) (i) Explain precisely what X : (S,A) → (R,B) means. Then (ii)
show that {X−1(B) : ∀B ∈ B} is a σ-field.

Define PX(B) = P (X−1(B)) for all B ∈ B. Assume that PX � µ,
namely, that PX is absolutely continuous with respect to µ,

(b) Explain what that means, and then apply the Radon-Nikodym
theorem appropriately and precisely.

(c) Let {Xn} be a sequence of Borel measurable random variables.
Give a very precise statement for the meaning of Xn

a.s→ X. Also

state precisely what it means for Xn
P→ X.

(d) Prove that Pr(|Xn| > ε i.o) = 0 for every ε > 0 implies that
Xn

a.s.→ 0.

(e) Let {Xn : n = 1, 2, ...} be a sequence of Borel measurable random

variables that have support [0,100]. Then assume that Xn
L→ µ

for some constant µ and let g be a continuous function. Then

argue carefully that g(Xn)
L→ g(µ).
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5. Let (R,B) be the usual Borel space and let Xi : (R,B) → (R,B),
for i = 1, 2. Assume that X1, X2, ..., Xn | G(·) ∼ G(·), independently.
Assume that G(·) is unknown, but that a prior distribution is placed
on it. We assume it is known that, for any A ∈ B,

G(A) ∼ beta(wG0(A), wG0(A
c))

where G0(·) is a known fixed probability measure defined on the Borel
sets, and w is a fixed known positive number. Assume that

G0(A) =
∫
A
g0(x)dx,

namely, that G0(·) is absolutely continuous with respect to Lebesgue
Measure and that g0(·) is the corresponding pdf.

(a) Obtain and justify the marginal probability that X1 ∈ A. Hint:
Use the law of total probability appropriately.

Now assume that it is known that

G(A) | {X1 = x} ∼ beta(wG0(A) + δx(A), wG0(A
c) + δx(A

c))

(b) Use the above to carefully derive the conditional distribution for

G(A) | {X1 = x1, X2 = x2, ..., Xn = xn}

. Be sure to justify.

(c) Now obtain and justify the formula for the marginal (conditional)
probability

Pr(X2 ∈ A | X1 = x)

. Hint: You need to integrate over G(A)

(d) Use parts (a, c) to obtain and justify the marginal probability that
X2 ∈ A. (You must use a and c).

(e) Now obtain and justify Pr(X1 = X2) ≡ q.
Hint: Use some of what you have done above appropriately.
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6. Let (S,A) be measurable space and let X : (S,A) → (R,B) and
Y : (S,A) → (R,B). Hence X and Y are Borel measurable random
variables. Let P be a p.m. defined on the above space and let PX

and P Y be the induced (marginal) p.m.s for X and Y . Let µ denote
a generic measure and let µL and µC be Lebesgue and Counting mea-
sure, respectively, defined on (S,A). Using subsets of these objects as
needed below:

(a) Carefully state the Caratheodory Extension Theorem. In a short
paragraph, describe its main use in the 220A course.

(b) Carefully state the Radon-Nikodym Theorem (RNT).

(c) Give conditions that justify the existence of a probability density
function (Radon-Nikodym derivative) for X (i) if X is continu-
ous; (ii) discrete; (iii) a mixture of discrete and continuous. Give
precise explanations in words and using the RNT appropriately.

(d) Carefully state the Monotone Convergence Theorem (MCT)

(e) Assume that E(|X|) =
∫
|X(ω)|dP (ω) < ∞. Then prove that

E(X) =
∫
xdPX(x). Hint: This amounts to proving a simpler

version of the Law of the Unconscious Statistician.

(f) Consider the pair of random variables, (X, Y ). Assume that (X, Y ) :
(S×S,A×A)→ (R2,B2), eg. Borel measurable, and that it has
joint probability measure PX,Y that is absolutely continuous with
respect to Lebesgue Measure on R2, namely µL × µL. Find and
justify an appropriate expression for PX(A | Y = y). Then use
this result to provide a formula for the Law of Total Probability
for PX(A).
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